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Extensions of mixed Hodge modules and
Picard-Fuchs equations
Pedro L. del Angel R.
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Jose´ J. Herna´ndez C.
CONACYT CIMAT
Abstract
The normal function associated to algebraic cycles in higher Chow
groups defines a differential equation. This Picard-Fuchs equation defines
an extension of D-modules as well as an extension of local systems. In
this paper, we show that both extensions define the same extension of
mixed Hodge modules determined by the normal function.
1 Introduction
When we study a family of higher algebraic cycles, i.e. elements in CHr(X,m),
for X a smooth projective variety, we can associate a differential equation to the
family, given by the Picard-Fuchs operator on the normal function of a cycle.
It turns out that the non vanishing of this equation is related to the problem of
finding indecomposable cycles, see [3]. Thus, the properties of the differential
equation can be studied in view of its relation with finding non trivial cycles.
In [4], they study its rationality and field of definition of its coefficients. In this
paper we show how to relate the extension of D-modules that arises from the
differential equation with the extension that comes from the normal function
where the Picard-Fuchs operator is evaluated, using the Abel-Jacobi map and
the theory of mixed Hodge modules.
Mixed Hodge modules provide a generalization of classical Hodge theory.
They can be thought as perverse sheaves with a mixed Hodge structure. The
category of mixed Hodge modules was defined by M. Saito in [12], [11]. In this
work we are mainly interested in the Abel Jacobi map associated to higher Chow
cycles. It turns out that this map can be factored through an extension in the
category of mixed Hodge modules, thus providing an interpretation of normal
functions as sections of mixed Hodge modules.
When dealing with admissible smooth families and higher algebraic cycles
defined over a whole family, one has the Abel Jacobi map on the total space but
also on the fibres, so one can think on both, the extension of MHM associated
to the total space as well as the corresponding extensions associated to the
fibres. In the later case, the normal functions can be thought of as sections
1
on some smooth family of intermediate jacobians and they are related to non-
homogeneous Picard-Fuchs equations.
2 Extensions of Mixed Hodge Modules
Let X be a smooth variety over C. Given any DX -module M, via the de
Rham complex, we have the de Rham functor from DX -modules to complexes.
Moreover, we can say the following:
Theorem 2.1 (Riemann-Hilbert correspondence). Let X be a smooth variety
over C. Then the de Rham functor M 7→ DR(M) induces an equivalence of
categories between the category of holonomic DX -modules with regular singu-
larities and the category of perverse sheaves Perv(CX).
Let PervW(CX) be the category of weight filtered perverse sheaves in Perv(CX)
and MFWrh(X) be the category of regular holonomic DX -modules with a
good filtration together with a weight filtration. There is a natural functor
from MFWrh(X) to PervW(CX). It takes the pair (M,WM) to the pair
(DR(M), DR(WM)). If MFWrh(X ;Q) is the fibre product PervW(QX)×PervW(CX)
MFWrh(X), its objects are of the form (K
•
Q,WQ,M, F,W, α) whereK
•
Q is a per-
verse sheaf with weight filtrationWQ,M is a holonomicDX -module with regular
singularities and weight filtration W , F is a good filtration on M and α is an
isomorphism of filtered objects, i.e. α(K•Q⊗C,WQ⊗C) ≃ (DR(M), DR(WM)),
where DR is the de Rham functor.
Theorem 2.2 (M. Saito). For any smooth variety X over C there exists
an abelian category MHM(X) that is a full subcategory of MFWrh(X ;Q).
MHM(X) is called the category of mixed Hodge modules.
The category of mixed Hodge modules contains a semi-simple full subcate-
gory of modules of pure weight. These are called polarizable Hodge modules.
In the bounded derived category Db(MHM(X)) all expected operations are de-
fined: f∗, f
∗, f!, f
!,D, etc. MHM(Spec(C)) is isomorphic to the category of
graded polarizable mixed Hodge structures. For k a subfield of C, the category
MHM(X) of mixed Hodge modules of a smooth variety X over k is well defined.
Let r ∈ Z. The DX -module OX has a good filtration defined by Gr
F
r (OX) =
OX . Since DR(OX) is quasi-isomorphic to CX [dimX ], we get a mixed Hodge
module QX(r)[dimX ] given by
(QX(r)[dimX ],WQ,OX , F,W, α),
where Gr
WQ
dimX−2r(QX(r)[dimX ]) = QX(r)[dimX ] and W and α have the only
possible interpretation. This is called the constant (or Tate) mixed Hodge mod-
ule. We usually use the shifted module
QX(r) = QX(r)[dimX ][−dimX ].
The following proposition and its corollary are essential to construct the
maps we are looking for.
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Proposition 2.3 ([13]). Let f : X → Y be a proper morphism of smooth
varieties. If M ∈MHM(X) is pure, we have a non canonical isomorphism
f∗M ≃
⊕
i
Hif∗M [−i]
in DbMHM(Y ).
Corollary 2.4. Let f : X → Y be a proper smooth morphism of quasi-
projective smooth varieties over k ⊂ C. Then there is a Leray spectral sequence
Ep,q2 = Ext
p
MHM(Y )(QY (0), R
qf∗M)⇒ Ext
p+q
MHM(X)(QX(0),M),
which degenerates at E2, for any pure M ∈MHM(X).
Proof. The existence of the Leray filtration on Extp+qMHM(X)(QX(0),M) such that
Ep,q2 = Ext
p
MHM(Y )(QY (0), R
qf∗M)
is clear. Then we use the decomposition in proposition (2.3) and apply Deligne’s
criterion to conclude that the Leray spectral sequence associated to the Leray
filtration degenerates at E2.
This spectral sequence induces a canonical Leray filtration on Extp+qMHM(X)(QX(0),M).
We also have the following short exact sequence:
Proposition 2.5. Let Y be a smooth quasiprojective variety over k ⊂ C,
M ∈ MHM(Y ) and g : Y → Spec(k) be the natural morphism. Then there
exists a short exact sequence
0→ Ext1MHM(Spec(k))(QSpec(k)(0), R
q−1g∗M)→
ExtqMHM(Y )(QY (0),M)→ homMHM(Spec(k))(QSpec(k)(0), R
qg∗M)→ 0
Proof. By Corollary (2.4) there is the Leray spectral sequence
Ep,q2 = Ext
p
MHM(Spec(k))(QSpec(k)(0), R
qg∗M)⇒ Ext
p+q
MHM(Y )(QY (0),M),
which degenerates at E2. Then, if L is the Leray filtration on Ext
p+q
MHM(Y ),
Ep,q2 = Gr
p
L Ext
p+q
MHM(Y )(QY (0),M).
On the other hand, MHM(Spec(k)) is a subcategory of the category of mixed
Hodge structures (see next section), and we know that ExtℓMHS = 0 for all ℓ ≥ 2,
and similarly for MHM(Spec(k)). Then
L1ExtqMHM(Y )(QY (0),M) = Gr
1
L Ext
q
MHM(Y )(QY (0),M)
= Ext1MHM(Spec(k))(QSpec(k)(0), R
q−1g∗M).
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Since
homMHM(Spec(k))(QSpec(k)(0), R
qg∗M) = Gr
0
L Ext
q
MHM(Y )(QY (0),M),
we get that homMHM(Spec(k))(QSpec(k)(0), R
qg∗M) is the quotient of
ExtqMHM(Y )(QY (0),M) and Ext
1
MHM(Spec(k))(QSpec(k)(0), R
q−1g∗M), and this
implies that we have the short exact sequence required.
3 Maps for Higher Chow Groups
Let X be a smooth variety over k ⊂ C. Lets denote the r-th higher Chow group
of X tensored with Q by CHr(X,m;Q). There is a cycle class map from this
group to an extension of mixed Hodge modules. It was constructed by M. Saito
(see [1] as well).
Theorem 3.1 (M. Saito). Let X be a smooth variety over k ⊂ C. Then there
exists a cycle map
cr,m : CH
r(X,m;Q)→ Ext2r−mMHM(XC)(QXC(0),QXC(r)).
If we consider the natural morphism g : XC → Spec(C), we can use lemma
(2.5) to get a short exact sequence
0→ Ext1MHM(Spec(C))(QSpec(C)(0), R
2r−m−1g∗QXC(r))
→ Ext2r−mMHM(XC)(QXC(0),QXC(r))→
homMHM(Spec(C))(QSpec(C)(0), R
2r−mg∗QXC(r))→ 0
for X a smooth quasiprojective variety over k ⊂ C. Since MHM(Spec(C)) is
isomorphic to the category of graded polarizable mixed Hodge structures, we
have the isomorphisms
QSpec(C)(0) ≃ Q(0),
R2r−m−1g∗QXC(r) ≃ H
q−1(X,Q(r)),
R2r−mg∗QXC(r) ≃ H
q(X,Q(r)).
where H•(X,Q(r)) means H•(XanC ,Q(r)), a notation we will continue to use in
this paper. Then we can rewrite the short exact sequence as
0→ Ext1MHS(Q(0), H
2r−m−1(X,Q(r)))→
Ext2r−mMHM(XC)(QXC(0),QXC(r))→ homMHS(Q(0), H
2r−m(X,Q(r)))→ 0 (1)
Using the morphism of Theorem (3.1),
cr,m : CH
r(X,m;Q)→ Ext2r−mMHM(XC)(QXC(0),QXC(r)),
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we have a map
CHr(X,m;Q)→ homMHS(Q(0), H
2r−m(X,Q(r))). (2)
We denote by [ξ] the image of ξ ∈ CHr(X,m;Q) in homMHS(Q(0), H
2r−m(X,Q(r)))
and if this image is zero (this is always the case when X is complex projective
and m > 0) then ξ maps to an element of Ext1MHS(Q(0), H
2r−m−1(X,Q(r))) as
we can see from (1). We call this map AJ . The kernel of the (2) is denoted by
CHrhom(X,m;Q).
Definition 3.2. The map
AJ : CHrhom(X,m;Q)→ Ext
1
MHS(Q(0), H
2r−m−1(X,Q(r))).
is called the Abel-Jacobi map.
This definition of AJ(ξ) coincides with the definition of higher Abel-Jacobi
maps defined by integration of currents when X is smooth projective over C; it
is proved by Kerr, Lewis and Muller-Stach in [7], see also [8].
4 The extension associated to a family
Let X be a smooth projective variety over C, g : X → C the natural morphism.
Then, in the previous section we constructed a map
CHrhom(X,m;Q)
AJ
++❲❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
❲
// Ext1MHM(Spec(C))(QSpec(C)(0), R
2r−m−1g∗QX(r))
=

Ext1MHS(Q(0), H
2r−m−1(X,Q(r))).
(3)
Thus, to any ξ ∈ CHrhom(X,m;Q) we can associate an extension
E ∈ Ext1MHS(Q(0), H
2r−m−1(X,Q(r))).
Since we are working in the category of mixed Hodge modules, we should note
that these extension groups are defined as extensions in the categorical sense.
For our interests, we would like to have a different point of view. More precisely,
that E is an extension in the sense of Yoneda is a consequence of the following
theorem of Verdier, [15] (see also Gelfand-Manin [5] or Peters-Steenbrink [10] ):
Proposition 4.1. If A is an abelian category then for any A and B objects in
A, Extn(A,B) is the same as the Yoneda extension group.
Therefore E is an extension (more precisely an equivalence class of exten-
sions) of mixed Hodge structures of the form:
0→ H2r−m−1(X,Q(r))→ E→ Q(0)→ 0.
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As we can see in (3), E is automatically a mixed hodge module over Spec(C).
Now, let’s work in the relative case, i.e. let’s consider a family of smooth
proyective varieties over C,
Xt

// X
f

Spec(C)
t
// S
(4)
where f is smooth and proper with fibre Xt = f
−1(t), for t ∈ S and X , S
are defined over k ⊂ C algebraically closed. In the family each fibre is of the
form Xt = X ×S Spec(C), where k(t) = C and we have natural morphisms
Spec(C)→ S, Xt → Spec(C).
From Corollary (2.4), for f : X → Y a proper smooth morphism of quasi-
projective smooth varieties over k ⊂ C there is a Leray spectral sequence
Ep,q2 = Ext
p
MHM(Y )(QY (0), R
qf∗M)⇒ Ext
p+q
MHM(X)(QX(0),M),
which degenerates at E2, for any pure M ∈ MHM(X). In particular we have a
Leray filtration L on Ext. For f : X → S a family of varieties over C, then we
have a map
L1Ext2r−mMHM(X )(QX (0),QX (r))→ Gr
1
L Ext
2r−m
MHM(X )(QX (0),QX (r))
= Ext1MHM(S)(QS(0), R
2r−m−1f∗QX (r)).
where Gr1L = L
1/L2. L also induces a filtration FL on CH
r(X ,m;Q) given by
F jLCH
r(X ,m;Q) := c−1r,m(L
j Ext2r−mMHM(X)(QX (0),QX (r))),
where cr,m is the cycle class map from Theorem (3.1). Using the map above
and the cycle class map we get
F 1LCH
r(X ,m;Q)→ Ext1MHM(S)(QS(0), R
2r−m−1f∗QX (r)).
Since the Leray spectral sequence is functorial, then from the diagram 4 and
the pullback on Xt → X we get the diagram
F 1LCH
r(X ,m;Q)

// F 1LCH
r(Xt,m;Q)

Ext1MHM(S)(QS(0), R
2r−m−1f∗QX (r)) // Ext
1
MHM(Spec(C))(QSpec(C)(0), R
2r−m−1f∗QXt(r))
(5)
We can relate this construction to the previous maps in the following:
Proposition 4.2. The right vertical map in (5) is the Abel-Jacobi map for
m ≥ 1.
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Proof. We have an injective map
Gr0FLCH
r(Xt,m;Q) →֒ Gr
0
L Ext
2r−m
MHM(Xt)
(QXt(0),QXt(r)).
But
Gr0L Ext
2r−m
MHM(Xt)
(QXt(0),QXt(r)) = Ext
0
MHM(Spec(C))(QSpec(C)(0), R
2r−mf∗QXt(r))
and
Ext0MHM(Spec(C))(QSpec(C)(0), R
2r−mf∗QXt(r)) = homMHS(Q(0), H
2r−m(Xt,Q(r)))
Recall from the morphism Spec(C)→ S that we have a morphism
MHM(S)→MHM(Spec(C)) and MHM(Spec(C)) is the category MHS. That
Ext1MHM(Spec(C))(QSpec(C)(0), R
2r−m−1f∗QXt(r)) = Ext
1
MHS(Q(0), H
2r−m−1(Xt,Q(r)))
follows from this. Since Xt is projective and because we are working in the
category of mixed Hodge structures, for m ≥ 1 by weight reasons:
homMHS(Q(0), H
2r−m(Xt,Q(r))) = 0.
Therefore
Gr0L Ext
2r−m
MHM(Xt)
(QXt(0),QXt(r)) = 0
so L0 = L1 and F 0L = F
1
L. This shows that F
1
LCH
r(Xt,m;Q) = CH
r(Xt,m;Q).
Also, from (1), for Xt projective the map (2) is always zero and therefore
CHr(Xt,m;Q) = CH
r
hom(Xt,m;Q).
In the proof above F 0L = F
1
L and CH
r(Xt,m;Q) = CH
r
hom(Xt,m;Q) for any
smooth projective variety when m ≥ 1. So, we have a diagram
CHr(X ,m;Q)

// CHrhom(Xt,m;Q)
AJ

Ext1MHM(S)(QS(0), R
2r−m−1f∗QX (r)) // Ext
1
MHS(Q(0), H
2r−m−1(Xt,Q(r))).
If we choose a cycle ξ ∈ CHr(X ,m;Q) and ξt = ξ|Xt we get maps
CHrhom(Xt,m;Q)→ Ext
1
MHM(Spec(C))(QSpec(C)(0), R
2r−m−1f∗QXt(r))
and every ξt ∈ CH
r
hom(Xt,m;Q) maps to an extension Et of mixed Hodge
modules. Moreover, the morphism SpecC→ S induces the bottom map in the
diagram
Ext1MHM(S)(QS(0), R
2r−m−1f∗QX (r)) → Ext
1
MHM(Spec(C))(QSpec(C)(0), R
2r−m−1f∗QXt(r)).
In summary, we have the following:
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Theorem 4.3. To any smooth projective family f : X → S over C and cycle
ξ ∈ CHr(X ,m;Q), m ≥ 1, we can associate a mixed Hodge module E that is an
extension
0→ R2r−m−1f∗QX (r)→ E → QS(0)→ 0
of mixed Hodge modules, that restricts to the extensions given by the Abel-
Jacobi map in the fibres.
The extension of mixed Hodge modules that captures the family is, precisely,
in
Ext1MHM(S)(QS(0), R
2r−m−1f∗QX (r)).
Let MFrh(Y ) denote the category of regular holonomicDY -modules with a good
filtration, where Y is a smooth variety over a closed field k of characteristic 0.
We can map any mixed Hodge module to its corresponding filtered regular
holonomic DY -module. In particular, for f : X → S, QS(0) maps to OS and
R2r−m−1f∗QX (r) to
R2r−m−1f∗Ω
•
X/S(r) = H
2r−m−1
DR (X/S)(r).
Ω•
X/S denotes the complex of relative differentials of X over S and H
q
DR(X/S)
is the q-th relative de Rham cohomology sheaf of X over S that by definition is
HqDR(X/S) := R
qf∗Ω
•
X/S
for any X and S smooth quasiprojective varieties over k and f : X → S a proper
smooth morphism. Then we have a natural map
Ext1MHM(S)(QS(0), R
2r−m−1f∗QX (r)) → Ext
1
MFrh(S)
(OS ,H
2r−m−1
DR (X/S)(r)).
The extension E (we denote the correponding DS-module also by E), can be
seen as an extension of DS-modules
0→ H2r−m−1DR (X/S)(r)→ E → OS → 0. (6)
5 Extensions and normal functions
Let π : X → S be a flat morphism of relative dimension k between proper,
irreducible smooth varieties defined over C. Assume dim (S) = 1 and let X ⊂ X ,
S ⊂ S be open dense subsets such that π := π|X : X → S is smooth. If
H is the local system over S associated to the primitive part of Rkπ∗Q and
H = H ⊗ OS , then the Gauss-Manin connection ∇ : H → H ⊗ Ω
1
S induces a
differential equation
DPF f = 0 (7)
called the Picard-Fuchs equation of the periods of the family X → S.
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Let {ω1, . . . , ωn} be a local base of solutions of 7, g be an holomorphic
function on S, h be a solution of the differential equation
DPF h = g (8)
in a neighborhood U of a point t0 ∈ S and γ be a closed path on S with starting
point t0. If we extend h along γ, we will get back another solution of 8, which
then looks like
γ(h) = h+
∑
i
aiωi
Let h1 be another solution of 8 in U, then h1 − h will be a solution of 7 and
therefore they differ by a linear combination
∑
i
ciωi. If the action of the mon-
odromy π1(S, t0) on the periods is given by ρ, then γ will act on the periods by
M = ρ(γ) and we can extend h1 along γ as well, getting
γ(h1) = h+
∑
i
aiωi +
∑
i
ciρ(γ)(ωi) = h1 +
∑
i
aiωi +
∑
i
ci(M − I)ωi
so that we can associate to 8 a well defined class (see [14], part II section 3)
α = [γ → aγ ] ∈ H
1(π1(S, t0), H0) = H
1(S,H),
where H0 is the fiber of H at t0 and aγ = (a1, . . . , an).
If ξ ∈ CHr(X ,m;Q) and ξt = ξ|Xt , the Abel-Jacobi map (3.2) let us define:
Definition 5.1. The normal function νξ : S → J associated to ξ is given by
νξ(t) = AJ(ξt),
where J fits in the short exact sequence
0→ R2r−m−1π∗Z→ R
2r−m−1π∗C⊗OS/F
r(R2r−m−1π∗C⊗OS)→ J → 0
and Jt = Ext
1
MHS(Q(0), H
2r−m−1(Xt,Q(r))).
If k = 2r−m− 1, let νξ be a lifting of νξ to R
kπ∗C⊗OS/F
r(Rkπ∗C⊗OS)
and let us assume that νξ is not a solution of the differential equation 7 and the
family X → S is admisible (i.e. the monodromy representation at the fibers at
infinity is irreducible and unipotent), then g(t) := DPF νξ(t) defines a non zero
holomorphic function which does not depend on the choice of the lifting (see
[4], thm. 1.1 and 3.2) and we can associate to it (and therefore to the normal
function νξ) a non zero class αξ in H
1(S,H). Moreover, in this case the solutions
of the equation DPF νξ(t) = g(t) are also solutions of the homogeneous equation
(
d
dt
− d log g)DPFh(t) = 0 (9)
which is the homogeneous equation associated to a local system E. Observe that
the solutions of the equation DPFh(t) = 0 are solutions of 9 as well, therefore
E is an extension of H of the form
0→ H→ E→ Q(−r)→ 0 (10)
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and we claim that this extension is determined by the class αξ.
Indeed, with the notation above, if the action of γ on {w1, . . . , wn} (a flat ba-
sis ofH = H⊗OS) is given byM = ρ(γ), then the action of γ on {w1, . . . , wn, νξ}
(a flat basis of E = E⊗OS) is given by
(
M aγ
0 1
)
i.e., it is encoded in αξ so that we can recover the extension 10 from it.
After tensoring 10 with OS we get the extension of DS modules (see 6)
0→ H2r−m−1DR (X/S)→ E → OS(−r)→ 0
associated to the local systems H,E and g ·Q(−r). Thanks to theorem (4.3), we
can think of the normal function νξ as an extension of mixed Hodge modules
whose underlying extension of DS modules is precisely the extension 6. This
reflects the fact that to a MHM(S) one can associate both, a DS-module and a
perverse sheaf and so to an extension of MHM(S) should correspond both, an
extension of DS-modules as well as an extension or perverse sheafs on S and
both are determined by the image of νξ on the corresponding extension groups.
Proposition 5.2. The extension of DS-modules associated to equation 9 co-
incides with the one given by νξ on Ext
1
MHM(S)(QS(0), R
2r−m−1π∗(X ,Q(r))),
whereas the extension of local systems given by αξ coincides with the one given
by νξ on Ext
1
Perv(S)(QS(0), R
2r−m−1π∗(X ,Q(r))).
Moreover, Brosnan et. al (see [2]) have shown that the class αξ is actually a
Tate class of weight 0 in IH1(S,H).
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